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Fibonacciho posloupnost
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Fibonacciho posloupnost

0, pron=20
F(n)=<1, pron=1
F(n—1)+F(n—2), pron > 2
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Fibonacciho posloupnost

0,
F(n) =41,
F(n—1)+F(n—2),
0|0 10| 55
1] 1 11 89
211 12 | 144
312 13 | 233
41 3 14 | 377
5|5 15 | 610
6| 8 16 | 987
7113 17 | 1597
8|21 18 | 2584
9| 34 19 | 4181
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Fibonacciho posloupnost

pron=20
pron=1

F(n—1)+F(n—2), pron > 2
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Fibonacciho posloupnost

Rekurzivni ¥eseni (naivni)

=] & = E DA
DELTA - SSIE Pole a z3kladni alokace pamé&ti



Fibonacciho posloupnost

Rekurzivni ¥eseni (naivni)
o2
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Fibonacciho posloupnost

Rekurzivni ¥eseni (naivni)
o2

[terativni FeSeni

=] 5
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Fibonacciho posloupnost

Rekurzivni ¥eseni (naivni)
o2

[terativni FeSeni
O(n)

o = = DAy
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Fibonacciho posloupnost

Rekurzivni ¥eseni (naivni)
o2

[terativni FeSeni
O(n)

Explicitni vyjadreni
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Fibonacciho posloupnost

Rekurzivni ¥eseni (naivni)
o2

[terativni FeSeni
O(n)

Explicitni vyjadreni
0(1)
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Asymptoticka sloZitost

Asymptoticka sloZitost je zplsob klasifikace pocitaéovych algoritmii.
UrEuje operaéni naro&nost algoritmu tak, Ze zjistuje, jakym zplsobem se

bude chovani algoritmu ménit v zavislosti na zméné velikosti (po&tu)
vstupnich dat. [Wikipedia]
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Asymptoticka sloZitost

2

&

n nlog, n n n 1.5" 2n n!
n=10 < 1 sec < 1 sec < 1sec < 1sec < 1sec < 1sec 4 sec
n=30 <lsec <lsec <1sec <1 sec < 1sec 18 min  10%° years
n=>50 < 1sec < 1sec < 1sec <1 sec 11 min 36 years very long
n =100 < 1sec < 1 sec < 1sec 1 sec 12,892 years 10'7 years very long

n=1,000 < 1sec < 1sec 1 sec 18 min very long very long very long
n = 10,000 < 1sec < 1sec 2 min 12 days very long very long very long
n = 100,000 < 1sec 2 sec 3 hours 32 years very long very long very long
n = 1,000,000 1 sec 20 sec 12 days 31,710 years very long very long very long

[http://modelingsocialdata.org/lectures/2017,/02/03 /lecture-3-
computational-complexity.html]

P¥iklad vypo&etni naro&nosti [Wikipedia]
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https://cs.wikipedia.org/wiki/Asymptotick%C3%A1_slo%C5%BEitost#P%C5%99%C3%ADklad_v%C3%BDpo%C4%8Detn%C3%AD_n%C3%A1ro%C4%8Dnosti

Probirané asymptotické notace

0,Q2,0
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Asymptotickd horni mez / O / big O

f(n) € O(g(n)) <= (3c € R")(3no € NT)(Vn > ng) : f(n) < c-g(n)

=] F = = £ DA
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Asymptotickd horni mez / O / big O

f(n) € O(g(n)) <= (3c € R")(3no € NT)(Vn > ng) : f(n) < c-g(n)

n é O(n?) J
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Asymptotickd horni mez / O / big O

ne€ O(n?)

=] =) = £ 9OHQC
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f(n) € O(g(n)) <= (3c € R")(3no € NT)(Vn > ng) : f(n) < c-g(n)
Ano, naptiklad c=1,ng =1




Asymptotickd horni mez / O / big O

f(n) € O(g(n)) <= (3c € RT)(3no € NT)(Vn > ng) : f(n) < c-g(n)

Ano, naptiklad c=1,np =1
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Asymptotickd horni mez / O p¥iklady

f(n) € O(g(n)) < (3c € R")(3no € NT)(Vn > ng) : f(n) < c-g(n)

n é O(0.5n) J

=] F = = £ DA
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Asymptotickd horni mez / O p¥iklady

n é O(0.5n)

=] =) = £ 9OHQC
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f(n) € O(g(n)) < (3c € R")(3no € NT)(Vn > ng) : f(n) < c-g(n)
Ano, naptiklad c=3,ng =1




Asymptotickd horni mez / O p¥iklady

f(n) € O(g(n)) <= (3c € R")(3ng € NT)(¥n > ng) : f(n) < c-g(n)

n é O(0.5n)

Ano, naptiklad c=3,ng =1

— X

e 35 0.5X
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Asymptotickd horni mez / O p¥iklady

f(n) € O(g(n)) < (3c € R")(3no € NT)(Vn > ng) : f(n) < c-g(n)

n*+1 & O(n?) J

=] F = = £ DA
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Asymptotickd horni mez / O p¥iklady

n*+1¢€ 0(n)

=] =) = £ 9OHQC
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f(n) € O(g(n)) < (3c € R")(3no € NT)(Vn > ng) : f(n) < c-g(n)
Ano, naptiklad c =2,ng =1




Asymptotickd horni mez / O p¥iklady

f(n) € O(g(n)) <= (3c € R")(3ng € NT)(¥n > ng) : f(n) < c-g(n)

n*+1¢€ 0(n)

Ano, naptiklad c =2,np =1

— 2 4 1

— 2
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Asymptotickd horni mez / O p¥iklady

f(n) € O(g(n)) <= (3c € R")(3no € NT)(¥n > np) : f(n) < c-g(n)

2n+5 é O(zn) J

=] F = = £ DA
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Asymptotickd horni mez / O p¥iklady

2n+5 é O(zn)

=] =) = £ 9OHQC
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f(n) € O(g(n)) <= (3c € R")(3no € NT)(¥n > np) : f(n) < c-g(n)
Ano, nap¥iklad ¢ = 2° ng = 10




Asymptotickd horni mez / O p¥iklady

f(n) € O(g(n)) < (3c € R")(3ng € NT)(Vn > ng) : f(n) < c-g(n)

?
2n+5 c O(2n)
Ano, nap¥iklad ¢ = 2° ng = 10

-10°

1 — x5 ,
—
0.8 s 26 4 DX
06
S
=
0.4
0.2
0
6 8 10 12 14

X
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Asymptotickd horni mez / O p¥iklady

f(n) € O(g(n)) < (3c € R")(3no € NT)(Vn > ng) : f(n) < c-g(n)

150+ 2.2n% + 0.0011° € O(n?)
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Asymptotickd horni mez / O p¥iklady

f(n) € O(g(n)) < (3c € R")(3no € NT)(Vn > ng) : f(n) < c-g(n)
Ano, naptiklad c=1,n9 =3

1.5n + 2.2n% +0.001n° & O(n?)

=] =) = £ 9OHQC
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Asymptotickd horni mez / O p¥iklady

f(n) € O(g(n)) <= (3c € RT)(3ng € NT)(Vn > no) : f(n) < c-g(n)

5 ?
1.5n 4+ 2.2n% 4 0.001n° € O(n?)
Ano, naptiklad c=1,n9 =3

60 = 1.5x + 2.2x% +0.001x3
50

40

0 0.5 1 15 2 25 3 35 4
X
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Asymptotickd horni mez / O neformalni poutka
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Asymptotickd horni mez / O neformalni poutka

@ V polynomech najdi nejrychleji rostouci &len
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Asymptotickd horni mez / O neformalni poutka

@ V polynomech najdi nejrychleji rostouci &len

@ Ostatni &leny ignoruj
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Asymptotickd horni mez / O neformalni poutka

@ V polynomech najdi nejrychleji rostouci &len
o Ostatni &leny ignoruj

o Ignoruj multiplikativni konstanty u nejrychleji rostouciho ¢lenu
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Asymptotickd horni mez / O neformalni poutka

@ V polynomech najdi nejrychleji rostouci &len
o Ostatni &leny ignoruj
o Ignoruj multiplikativni konstanty u nejrychleji rostouciho ¢lenu

@ Porovnej vysledky
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Asymptotickd horni mez / O neformalni poutka

@ V polynomech najdi nejrychleji rostouci &len
o Ostatni &leny ignoruj
o Ignoruj multiplikativni konstanty u nejrychleji rostouciho ¢lenu

@ Porovnej vysledky

150+ 2.2 4 0.001n* & O(n?)
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Asymptotickd horni mez / O neformalni poutka

@ V polynomech najdi nejrychleji rostouci &len
o Ostatni &leny ignoruj
o Ignoruj multiplikativni konstanty u nejrychleji rostouciho ¢lenu

@ Porovnej vysledky

?
1.5n 4 2.2n% 4 0.001n% € O(n?)

V
1.5n+ 2.2n% +0.001n°

je nejryhleji rostoucim &lenem 0.001n3
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Asymptotickd horni mez / O neformalni poutka

@ V polynomech najdi nejrychleji rostouci &len
o Ostatni &leny ignoruj
o Ignoruj multiplikativni konstanty u nejrychleji rostouciho ¢lenu

@ Porovnej vysledky

?
1.5n 4 2.2n% 4 0.001n% € O(n?)

V
1.5n+ 2.2n% +0.001n°

je nejryhleji rostoucim &lenem 0.001n3

Bez multiplikativni konstanty je to pouze n3
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Asymptotickd horni mez / O neformalni poutka

@ V polynomech najdi nejrychleji rostouci &len

o Ostatni &leny ignoruj

o Ignoruj multiplikativni konstanty u nejrychleji rostouciho ¢lenu
@ Porovnej vysledky

?
1.5n 4 2.2n% 4 0.001n% € O(n?)
v
1.5n+ 2.2n* +0.001n3

je nejryhleji rostoucim &lenem 0.001n3
Bez multiplikativni konstanty je to pouze n3
Tudiz n3 je asymptotickou horni mezi 1.5n + 2.2n> + 0.001n3
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Asymptotickd spodni mez / €2
Témé¥ opak O
f(n) € O(g(n)) <= (3c € R")(3ng € NT)(Vn > ng) : f(n) < c-g(n)

f(n) € Q(g(n)) <= (Fc € RT)(3no € NT)(Vn > ng) : ¢ - f(n) < g(n)
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Asymptotickd spodni mez / € priklady

f(n) € Q(g(n)) < (Fc € RT)(3no € NT)(Vn > ng) : ¢ - f(n) < g(n)

=] F = = £ DA
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Asymptotickd spodni mez / € priklady

f(n) € Q(g(n)) < (Fc € RT)(3no € NT)(Vn > ng) : ¢ - f(n) < g(n)

n’ é Q(n) J

=] F = = £ DA
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Asymptotickd spodni mez /  priklady

f(n) € Q(g(n)) < (Fc € RT)(3no € NT)(Vn > ng) : ¢ - f(n) < g(n)

Ano, naptiklad c=1,np =1
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Asymptotickd spodni mez / € priklady

f(n) € Q(g(n)) < (Fc € RT)(3no € NT)(Vn > ng) : ¢ - f(n) < g(n)

?
n® € Q(1.5n+2.2n° + 0.001n°)
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Asymptotickd spodni mez / € priklady

f(n) € Q(g(n)) < (Fc € RT)(3no € NT)(Vn > ng) : ¢ - f(n) < g(n)

5 O 2 3
n® € Q(1.5n+ 2.2n° + 0.001n°)
Ano, naptiklad c=1,n9 =3
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Asymptotickd spodni mez /  priklady

f(n) € Q(g(n)) < (Fc € RT)(3no € NT)(Vn > ng) : ¢ - f(n) < g(n)

5 O 2 3
n®> € Q(1.5n+ 2.2n" 4+ 0.001n°)
Ano, naptiklad c=1,n9 =3

60

=== 1.5x + 2.2x? 4 0.001x>
50

40

0 0.5 1 15 2 25 3 35 4
X
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Asymptoticka tésnd mez / ©

P¥edchozi dv& dohromady, tedy musi platit O a zarovefi i Q

f(n) € O(g(n)) <= (3c € RT)(3no € NT)(Vn > ng) : f(n) < c-g(n)

f(n) € Q(g(n)) <= (Fc € RT)(3no € NT)(Vn > ng) : ¢ - f(n) < g(n)

f(n) € ©(g(n)) < (1)
(3(‘1, C € R+)(E|n0 S N+)(Vn > no) : (2)
c1-g(n) < f(n) < c-g(n) (3)
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Asymptotickd tésnd mez / © priklad

f(n) € ©(g(n))

(Jer, 0 € RT)(3ng € NT)(Vn > np) :

c1-g(n) < f(n) < c-g(n)

In(n/2) & ©(In(n))
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Asymptotickd tésnd mez / © priklad

f(n) € ©(g(n)) < (4)
(Fc1, 2 € RT)(3ng € NT)(Vn > ng) : (5)
c1-g(n) < f(n) < c2-g(n) (6)
In(n/2) € ©(In(n))
Ano, napfiklad ¢c; =1/2,cp =1,np =4
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Asymptotickd tésnd mez / © priklad

f(n) € ©(g(n)) < (4)
(Fc1, 2 € RT)(3ng € NT)(Vn > ng) : (5)
c1-g(n) < f(n) < c2-g(n) (6)
In(n/2) € ©(In(n))
Ano, napfiklad ¢c; =1/2,cp =1,np =4
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Time complexity vs. Space complexity

Time complexity is the computational complexity that describes the
amount of computer time it takes to run an algorithm.
Wikipedia

Space complexity of an algorithm or a computer program is the amount of

memory space required to solve an instance of the computational
problem.

Wikipedia
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https://en.wikipedia.org/wiki/Space_complexity
https://en.wikipedia.org/wiki/Time_complexity

Insertion sort

@ Naroc¢nost
» Nejhorsi - O(n?) comparisons and swaps
> Nejlepsi - O(n) comparisons, O(1) swaps

Jednoducha implementace

Efektivni na malé nebo p¥edsefazené pole
Online - Ize prvky doddvat postupné
Animace [Wikipedia]
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https://upload.wikimedia.org/wikipedia/commons/0/0f/Insertion-sort-example-300px.gif

Selection sort

o Ndaro¢nost
» Nejhor&i - O(n?) comparisons, O(n) swaps
» Nejlepsi - O(n?) comparisons, O(1) swaps

Jednoducha implementace

Nestabilni ¥azeni - prvky se stejnou hodnotou nemusi byt ve vzdjemné&
stejném poradi po sefazeni

Sefazené pole se bude zpracovavat stejné dlouho jako nesefazené
Animace [Wikipedia]
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https://upload.wikimedia.org/wikipedia/commons/9/94/Selection-Sort-Animation.gif

Bubble sort

@ Naro&nost

» Nejhor&i - O(n?) comparisons and swaps
> Nejlepsi - O(n) comparisons, O(1) swaps

@ Jednoducha implementace
@ Pouziva se prakticky jen pro vyukové tcely

@ Zpracovani probihd " probublavanim” prvku s nejvy3si hodnotou na
konec pole

@ Animace [Wikipedia]
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https://upload.wikimedia.org/wikipedia/commons/c/c8/Bubble-sort-example-300px.gif

Quick sort

o Ndaro¢nost
» Nejhorsi - O(n?)
> Nejlepsi - O(nlog(n))

@ Slozitejsi implementace

@ Nejrychlejsi ze zminénych pro velké pole
@ Volba pivotu ovlifiuje vykonost ¥azen{

@ Animace [Wikipedia]
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https://upload.wikimedia.org/wikipedia/commons/9/9c/Quicksort-example.gif

Quick sort - volba pivotu

@ Prvni prvek
> Velmi nevyhodné na &aste¢né sefazenych mnoZinach
o Nahodny prvek
> Nejlasté&ji pouZivand metoda
» Nejhor¥i scéna¥ je porad O(n?)
e Median t¥i (p¥ipadné vice) prvki
» Vyberou se ndhodn& z mnoZiny a jako pivot se zvoli jejich medidn
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Garbage collector

@ Automaticka sprava paméti
@ Uvoliiuje programem jiZ nepouzivanou ¢ast paméti

@ Soudasti téméF viech modernich jazyki
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Dynamické pole

// Pokud i == m

// m = 2%m

// Alokuj P’ o velikosti m
// Pro j, , 1 - 1:

// P’[j] = P[j]

// Dealokuj P

// P =P’

// P[i]l = x

e Ackoliv je sloZitost pFidani jednoho prvku v nejhorsim pFipad& O(n),
v posloupnosti operaci se chova, jako kdyby byla konstantni. Budeme
proto Fikat, Ze je amortizované konstantni.

DELTA - SSIE Pole a zdkladni alokace pamé&ti 2022 25/1



Amortizovana sloZitost

@ Priimérna sloZitost algoritmu
@ Neposkytuje jistotu jelikoZ musi byt splnény pfedpoklady sekvence
» (v konkrétnim bod& amortizovand sloZitost neplati, v dseku jiz ano)

Amortizace

" Amortize” is a fancy verb used in finance that refers to paying off the
cost of something gradually. With dynamic arrays, every expensive append
where we have to grow the array "buys” us many cheap appends in the
future. Conceptually, we can spread the cost of the expensive append over
all those cheap appends.
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Amortizovand slozitost vs. Asymptotickd sloZitost

Asymptoticka sloZitost

@ SloZitost O je uréena na zadklad& nejhorsi mozné instance b&hu
algoritmu

Amortizovana sloZitost

@ Amortizovana Casova slozitost oznaluje ¢asovou sloZitost algoritmu v
sekvenci nejhorsich moZznych vstupnich dat

o NevyuZiva pravdépodobnosti (= na sekvenci dat je zaru¢ena)

DELTA - SSIE Pole a zakladni alokace pamé&ti 2022 27/1



